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We study the Hilbert function of the k th order neighbourhood of a collection G
n  k .nof points in linearly general position in P , written h G , m . Our main resultsP
 k .nare the following bounds on h G , k q 1 :P
 k .  k . nn nIf deg G G 2n y k q 1 then h G , k q 1 G h C , k q 1 , where C ; PP P
is a rational normal curve of degree n.
If G is sufficiently general and s s deg G then
h n G k , k q 1 .P
s n q k q 1 n q k . .¡ sj n q k y 1 y 2 jy1 , if s F .  /j q 1 / n 2 k y 1 k q 1 . .js0~G
n n y k q 2 .n q k q 1 , if s G q k y 1,¢ /n 2k
and equality holds when k s 3. Q 1998 Academic Press
1. INTRODUCTION
 . nA fat point of order k supported at the point p g P is the scheme
 .kwhose homogeneous ideal, I p , consists of polynomials all of whose
partial derivatives of orders F k y 1 vanish at p. Thus its degree is
n q k y 1 .  .. We call this the k th order neighbourhood of p, or the k y 1 thk y 1
infinitesimal neighbourhood of p.
If X ; P n we shall denote by X k its k th order neighbourhood in P n. In
ny1 k < ny 1case X ; P we will write X for its k th order neighbourhood inP
the hyperplane.
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We wish to consider the Hilbert function of a collection G k of fat points
in P n, written
h n G k , m s dim H 0 O n m y dim H 0 I k m O n m . .  .  . .  .P P G P
If X ; P n is a zero-dimensional subscheme we shall loosely refer to
 .nh X, m as the ``number of conditions imposed by X on m-ics'' and sayP
that X is m-independent if it imposes deg X conditions on m-ics.
We start by discussing the conjectured Hilbert functions, both in the
case where G consists of sufficiently general points, and where G is an
arbitrary collection of points in linearly general position.
General Collections of Points. It is easy to see that the Hilbert function
 .  .nof a general collection G of s reduced points is h G, m sP
n q m  ..min s, : given m and given s y 1 points, choose a point that is notm
in the zero locus of the m-ics through the given points.
A first guess for the Hilbert function of a collection G k of s fat points of
k k n q mn q k y 1 .   .  ..norder k might be that h G , m s min deg G s s , . ThisP mk y 1
would say that a general collection of fat points either imposes indepen-
dent conditions on m-ics or else does not lie on any m-ic. The following
conjecture asserts that this should be true provided that s is large enough:
 .  .Conjecture 1 Hirschowitz . For each n G 1 there is a number c n so
 .that for any s G c n and for any k, there is a collection G of s points in
n k n q mn q k y 1 .   .  ..nP so that for all m, h G , m s min s , .P mk y 1
Alexander and Hirschowitz have verified a weaker form of the conjec-
w x  .ture in AH4 ; namely, that for each n, k G 1 there is a number c n, k so
 . nthat for any s G c n, k there is a collection G of s points in P so that for
k n q mn q k y 1 .   .  ..neach m, h G , m s min s , . An important instance inP mk y 1
which the latter is made explicit is the following:
 . nTHEOREM 2 Alexander]Hirschowitz . Let G ; P be a general collec-
2 n q m .   .  ..ntion of s points. If m G 3 then h G , m s min s n q 1 , except inP m
 .  .  .  .  .four cases: n, m, s s 2, 4, 5 , 3, 4, 9 , 4, 3, 7 , and 4, 4, 14 .
In general, it is necessary that m G 2k y 1 in order that a collection of
s G 2 k th order neighbourhoods be m-independent, since such a scheme
has a subscheme of degree 2k lying on a line. We explore this phe-
nomenon in detail in Section 2.
To find a candidate for the Hilbert function in degrees F 2k y 2 we
refer to a conjecture of Froberg to the effect that given a general set ofÈ
homogeneous forms, all of the low-degree syzygies between them are the
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Koszul ones. When all forms have the same degree, this is expressed as
follows:
 .Conjecture 3 Froberg . Define a , a , . . . by the power series expan-È 1 2
sion
sj `1 y t .
ms a t . mnq11 y t . ms0
Define
a , if a , . . . , a G 0m 1 mF s, j, n q 1 s . m  0, otherwise.
 .Then if I s H , . . . , H is the ideal generated by a general collection1 s
of homogeneous polynomials of degree j in n q 1 variables in the polyno-
mial ring S, we have
dim SrI s F s, j, n q 1 . .  . mm
w xIarrobino I makes the further conjecture that in most cases it suffices
to take a general set of jth powers of linear forms, and shows that this in
turn gives a conjectural Hilbert function for collections of fat points.
 jq1 jq1. nSpecifically, if I s L , . . . , L and S ; P is the collection of s1 s
points dual to the L , . . . , L , then Macaulay duality yields1 s
h n Sk , k q j s dim I , .P kqj
which gives rise to the following:
 .Conjecture 4 Iarrobino . Define
n q mG s, k , n q 1 s y F s, m y k q 1, n q 1 . .  .m m /m
Let G be a general collection of s points in P n. For each m G 0,
h n G k , m s G s, k , n q 1 , .  . mP
provided s G n q 5.
Note that in case s F n q 1 the conclusion of Conjecture 4 and hence
.of Conjecture 3 holds, since for suitable choice of s linear forms, the ideal
of their jth powers is a complete intersection.
By Theorem 2, the result of Conjecture 4 holds for k s 2, except in the
four cases.
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The result of Conjecture 3 has been shown to hold in the following cases
 w x.  .  .  .see I : s s n q 2 Stanley ; n s 1 Froberg ; n s 2 Anick ; m s j q 1È
 . Hochster and Laksov , j s 2 and n F 10, j s 3 and n F 7 Froberg andÈ
.  .Hollman ; certain m F 2 j Aubry .
Collections of Points in Linearly General Position. It is a classical result
of Castelnuovo that a collection G ; P n of s reduced points in linearly
 .  .ngeneral position satisfies h G, m G min mn q 1, s . This says that theP
Hilbert function of an arbitrary collection of s points in linearly general
position is bounded below by that of s points on a rational normal curve.
 .nMoreover, if s G mn q 3 and h G, m s mn q 1 then G in fact lies on aP
 w x.rational normal curve see, e.g., ACGH .
The following asserts an analogue for fat points:
 .Conjecture 5 Catalisano]Gimigliano . Let G be any collection of s
points in linearly general position. Let G be a collection of s points on a0
 k .  k .n nrational normal curve. Then h G , m G h G , m for all m.P P 0
One might actually expect that a stronger statement should hold, namely
 k .nthat if s is sufficiently large and h G , m agrees with the HilbertP
function of fat points on a rational normal curve, then the reduced points
of G lie on a rational normal curve.
The following asserts that fat points of order k in linearly general
position impose independent conditions on m-ics whenever m is at least
the minimal value at which a collection of such fat points supported on a
rational normal curve can be m-independent.
 .THEOREM 6 Catalisano]Trung]Valla . Let G be a collection of s points
in linearly general position in P n. If m G 2k y 1 and ks F mn q 1 then
 k . knh G , m s deg G .P
The result of Conjecture 5 holds in the case of s fat points of order 2. In
fact, more is true:
w xTHEOREM 7 C1 . Let G be a collection of s points in linearly general
n  2 .  .  .  .nposition in P . Then h G , m G min mn q 1, s q n y 1 min m y 1 nP
.  .y 1, s . Equality holds for some m with m y 1 n y 1 - s if and only if
equality holds for e¨ery such m if and only if G lies on a rational normal
cur¨ e.
 .In this paper, we develop an approach for estimating or evaluating the
Hilbert function of a collection of fat points in P n, particularly its values in
low degrees. We apply this to obtain lower bounds on such a Hilbert
function in degree k q 1, both in the case of a general collection of points
and in that of an arbitrary collection of points in linearly general position.
In the second case, we verify that for any collection of s G 2n y k q 1
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points in linearly general position, the Hilbert function of its k th order
neighbourhood is bounded below by that of the k th order neighbourhood
of a rational normal curve in degree k q 1, which is a special case of
 .Conjecture 5. Next, we give ranges of s depending on k and n for which
the Hilbert function of the k th order neighbourhood of a general collec-
tion of s points in P n is bounded below by the value predicted by the
conjectures of Froberg and Iarrobino. Further, we point out the corre-È
sponding new results on Froberg's conjecture in the case of quadraticÈ
forms.
The paper is structured as follows: in Section 2 we make explicit the
linear degeneracies that prevent a collection of fat points from imposing
independent conditions on hypersurfaces of low degree. Moreover, we
show that these yield an inductive approach for estimating the Hilbert
function of such a scheme, using neighbourhoods of its secant varieties. In
Section 3 examples are given to illustrate cases in which this approach
actually computes the Hilbert function, and useful preliminary results are
obtained. In Section 4 we apply the strategy to the Hilbert function of a
k th order neighbourhood of a collection of points in P n in degree k q 1,
thereby verifying special cases of the conjectures of Catalisano]Gimigliano,
Froberg, and Iarrobino.È
Â2. A BEZOUT LEMMA
We give a Bezout-type lemma, which yields a procedure for estimatingÂ
Hilbert functions of fat points.
n  .Notation. If X : P is a reduced but not necessarily irreducible
subscheme, we write Sec X for the union of the j-planes spanned byj
 .subsets of X. In particular, Sec X s X.0
LEMMA 8. Suppose F is a form of degree k q i ¨anishing to order k at a
set of j q 1 points. Let V be the projecti¨ e span of the points. Then F ¨anishes
to order k y ij on V.
Proof. Let W be the span of some j of the points. By induction F
 .vanishes to order k y i j y 1 on W. Let L be any line between the
 .remaining point and any point of W. Then F vanishes 2k y i j y 1 times
 .along L, and any r th partial derivative of F vanishes 2k y i j y 1 y 2 r
times along L. Such a partial derivative is of degree k q i y r, so if
 .r - k y ij then k q i y r - 2k y i j y 1 , so every r th partial derivative
of F vanishes identically on L.
n  .COROLLARY 9. Let S : P be a collection of reduced points. Choose
a hyperplane P ny1 : P n. Suppose S s S j S , where S : P ny1n ny1 ny1
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and S l H s B. Thenn
h n Sk , k q i G h n Sk j Sky1 , k q i y 1 .  .P P n ny1
ky iny1 k
ny 1q h Sec S l P j S , k q i . . . /P 1 n ny1
 .  .Proof. It follows from Lemma 8 with j s 1 that every k q i -ic
k  .vanishing on S also vanishes to order k y i on the union Sec S of lines1
through pairs of points of S. Thus
ky ik k
n nh S , k q i s h S j Sec S , k q i . .  . .P P 1
 k . ny1Now let I s I S . Let L be a linear form defining P . Then I : L s
 k ky1.I S j S . So the result follows from Castelnuovo's exact sequencen ny1
0 ª I : L k q i y 1 ª I k q i ª I q L rL k q i ª 0. .  .  .  .  .
COROLLARY 10. Let S be a collection of points in P n. Let P n = P ny1
= ??? = P nyd be a flag of planes. Suppose S s S j S j ??? j S ,n ny1 nyd
where S : P i for each n y d F i F n and S l P iy1 s B for each i. Theni i
dy1
ky jik
n nynh S , k q i G h Sec S .  . DP P j nqjyn
ns0 0FjFky1ri
d
nyn ky1lP j S , k q i y 1D ny l /lsnq1
ky ji nyd
ny dq h Sec S l P , k q i . .DP j nqjyd /
0FjFky1ri
 .Proof. Lemma 8 implies that every k q i -ics vanishing on S also
 .ky i jvanishes on Sec S . Now it is an easy induction to show that for eachj
r F d
h n Sk , k q i .P
ry1
ky ji
ny nG h Sec S . DP j nqjyn
ns0 0FjFky1ri
d
nyn ky1lP j S , k q i y 1D ny l /lsnq1
d
ky ji nyr ky1
ny rq h Sec S l P j S , k q i , .D DP j nqjyr nyl /0FjFky1ri lsrq1
the case r s 1 having been given by Corollary 9.
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Remark. We may reinterpret Iarrobino's conjecture as predicting that
 .the failure of fat points and their secant varieties to impose independent
conditions on hypersurfaces of low degrees is measured precisely by the
linear degeneracies described in Lemma 8.
First, let us write explicitly the terms given in the conjecture as
GX s, k , n q 1 . kq i
 . .min ky1riq1 , nq1, s
sj n q k y 1 y j i q 1 .s y1 , .  / /j q 1 njs0
and
G s, k , n q 1 . kq i
¡ Xn q k q i , if G s , k , n q 1 .1 kqi /n
~ n q k q is G for some s F s1 /k q i
X¢G s, k , n q 1 , otherwise. . kq i
 .  k .nThus when s is not too large the predicted value of h G , k q iP
when G is a general collection of s points is
l n q k y 1 y liy1 deg Sec G , . l /k y 1 y li
ls0
which is consistent with the inequalities of Corollaries 9 and 10 all being
equalities and the neighbourhoods of the secant varieties to G's having the
 .``best linearly possible'' Hilbert functions.
3. FAT POINTS SUPPORTED AT n q 1 POINTS IN
LINEARLY GENERAL POSITION
Let G ; P n be a collection of n q 1 points in linearly general position.
It is easy to see algebraically that G k has the Hilbert function predicted by
the conjecture of Froberg and Iarrobino; one can simply compute the idealÈ
using the coordinate points of P n. However, we shall now look at the
Hilbert function of G k from the perspective of finding subschemes that
impose independent conditions on hypersurfaces of given degree. By this
we intend to give some geometric intuition for the conjecture of Froberg.È
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 4 nLEMMA 11. Let G s p , . . . , p ; P be a collection of n q 1 points in0 n
k n q k .linearly general position. Then G imposes conditions on hypersurfacesk
 4  4k  4kof degree k. Specifically, if V s span p , . . . , p , then p N j ??? pi 0 i 0 V n0
k n q k .N is a k-independent subscheme of G of degree .V kn
Proof. Let p , . . . , p be points in linearly general position. Let H s0 n
 4span p , . . . , p . By induction, the k th order neighbourhoods ofo ny1
n n q k y 1 4  .p , . . . , p in H s P impose conditions on k-ics in H,0 ny1 k
 . nwhereas no k y 1 -ic of P vanishes to order k on p , so the k th ordern
n q k y 1 n q k y 1 n q k .  .  .neighbourhoods impose at least q s conditionsk k k
on k-ics.
LEMMA 12. Let G ; P n be a collection of n q 1 points in linearly general
k n q k q 1 n q 1 .  .position. Then G imposes y conditions on hypersurfaces ofk q 1 k q 1
degree k q 1.
Proof. Choose a general flag P n > P ny1 > ??? > P nykq1.
We claim that:
 . ny ja For each j - k, there are no k-ics of P vanishing to order
 . ny jk y j on Sec G l P ,j
and
 .  . nykq1b Sec G l P imposes independent conditions on k-ics inky1
P nykq1.
 .To see this, we have by induction on k that there are no k y 1 -ics of
ny j  .  .P vanishing to order k y 1 y j on Sec G so a follows.j
 .  4For b , write G s p , . . . , p . Let r be the point of intersection0 n i , . . . , i1 knykq1  . nykin P l span p , . . . , p . We shall construct a k-ic of P thati i1 k
vanishes on each of the points r X X / r but not at r itself.i , . . . , i i , . . . , i i , . . . , i1 k 1 k 1 k
 4Take the hyperplanes M , . . . , M by M s span p : k / i . Then by1 k l k l
linear general position, r f M for all 1 F l F k. Now supposei , . . . , i l1 k
 X X 4X X X Xr / r . Then for some j, i f i , . . . , i , in which case r gi , . . . , i i , . . . , i j 1 k i , . . . , i1 k 1 k 1 k
M . Hence M j ??? j M contains all the points other than r ;j 1 k i , . . . , i1 k
 .correspondingly we obtain a reducible k-ic as desired.
Thus by Corollary 10,
ky1
k kyj
n ny jh G , k q 1 G h Sec G , k .  .P P j
js0
ky1 n y j q k n q k q 1 n q 1s s y .  /  / / k q 1 k q 1kjs0
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Remark. For the purpose of comparison with Froberg's conjecture,È
note that
nq1 n q 1j n q k q 1 n q 1n q k y 1 y 2 jy1 s y . .  /  /  / /j q 1 n k q 1 k q 1
js0
EXAMPLES. Let G ; P n be a collection of n q 1 points in linearly
general position. We will see in some examples that Corollary 9 actually
computes the Hilbert function of G k.
3 n q 3 3 .  .  .n nEXAMPLE. k s 3. We have seen that h G , 3 s and h G , 4P P3
n q 4 n q 1 .  .s y .4 4
The next stage is
h n G3 , 5 G h n G3 , 4 q h n Sec G l P ny1 , 5 .  .  .P P P
n q 4 n q 1 n q 1G y q /  /  /4 4 2
n q 2s n q 1 .  /2
s deg G ,
 k .nthus each of the stated inequalities for h G , m is an equality.P
4 n q 5 n q 1 .  .  .nEXAMPLE. k s 4. Similarly, since h G , 5 s y , we haveP 5 5
2n q 5 n q 14 ny1
n ny1h G , 6 G y q h Sec G l P , 6 . .  . .P P /  /5 5
2 ny1 n q 1 . .  .  w x .ny 1Now h Sec G l P , 6 s n see, e.g., C2 . Thus,P 2
n q 3 n q 14
nh G , 6 G n q 1 y . .  .P  /  /3 2
Finally,
h n G4 , 7 G h n G4 , 6 q h ny 1 Sec G l P ny1 , 7 .  .  .P P P
n q 3 4G n q 1 s deg G . .  /3
Again, each of the inequalities is an equality, and we obtain the Hilbert
function of G4.
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4. DEGREE k q 1
We consider the first interesting value of the Hilbert function: that of
degree k q 1. First, we verify the following special case of the conjecture
of Catalisano and Gimigliano:
PROPOSITION 13. Let G ; P n be a collection of 2n y k q 1 points in
k n q k q 1 n y k q 1 .  .linearly general position. Then G imposes at least yk q 1 k q 1
conditions on hypersurfaces of degree k q 1. If G lies on a rational normal
.cur¨ e then equality occurs.
Proof. Write G s S j F where deg S s n q 1, deg F s n y k q 1.
 .Let K be the n y k -plane spanned by F, and choose a general flag
K s P nyk ; P nykq1 ; ??? ; P n .
We have seen that
k n q 1 n y k q 1ny k . <  .  .  .a F imposes y conditions on k q 1 -ics inP k q 1 k q 1
K s P nyk, and
 . ny jb for each 0 F j F k y 1, no k-ic in P vanishes to order k y j
 . ny jat Sec S l P .j
These imply that
ky1
ky jk nyj k
n ny j nykh G , k q 1 G h Sec S l P , k q h F , k q 1 .  . .  /P P j P
js0
ky1 n y j q k n q 1 n y k q 1s q y  /  / / k q 1 k q 1kjs0
n q k q 1 n y k q 1s y . /  /k q 1 k q 1
Observe that the value of the Hilbert function of the k th order neigh-
n q k q 1 .bourhood of a rational normal curve in degree k q 1 is precisely k q 1
n y k q 1 .y . To see this, if the rational normal curve C has ideal generatedk q 1
by the 2-by-2 minors of the matrix
X X ??? X0 1 ny1 /X X ??? X1 2 n
KAREN A. CHANDLER470
 .  .then each of the k q 1 = k q 1 minors of
X X ??? X0 1 nyk
. . .. . ??? .. . . 0X X ??? Xk kq1 n
n y k q 1 . vanishes to order k on C. This gives linearly independent k qk q 1
.  . k1 -forms in the k q 1 st graded piece of the ideal of C . On the other
hand, by considering 2n y k q 1 points on C, we see that there are at
n y k q 1 .  . most such linearly independent k q 1 -forms. Hence these k qk q 1
.  .  .1 = k q 1 minors must generate the k q 1 th graded piece.
Remark. We speculate that we may in fact replace the number 2n y k
 .q 1 in Proposition 13 with 2 n y k q 1 q 1. For example, we have seen
w x 2in C1 that 2n y 1 second-order points impose at least 2n q 2 conditions
on cubics.
Counterexample. We illustrate that exceptions to the conclusion of
Conjecture 4 do occur. Let S ; P6 be any collection of 9 points. Then S
3 10 4 .  .  .6must lie on a rational curve C, hence h S , 4 F y s 209. OnP 4 4
8 9 3 .  .  .the other hand, G 9, 3, 7 s 9 y s 216. That is, numerically S is4 2 2
not predicted to lie on a quartic, but it does lie on the quartic contain-
ing C 3.
Next, we observe a consequence of Proposition 13 for general collec-
tions of points.
w .xCOROLLARY 14. Let m s n q 1rk . Write n q 1 s mk q e . Let G be
n m q 1 .  .a general collection of s points in P , where s G m q 1 e q k . Then2
k  .G lies on no k q 1 -ics.
 .Proof. Induction on n . Suppose n - k. Then a collection of n q 1
n q k q 1 n q 1 .  .points of order k supported at general points imposes y sk q 1 k q 1
n q k q 1 .  .conditions on k q 1 -ics, as we have seen in Lemma 12.k q 1
m q 1 .  .Now suppose n ) k. We may assume that s s m q 1 e q k . By2
semicontinuity it suffices to produce a collection G of s points in P n
having the desired property. Write
m
s s max n q 1 y ik , 0 .
is0
s
s n q 1 q n y 1 max n q 1 y k y ik , 0 . .  . .
is0
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 . nykAssume that s y n q 1 of the points lie in a P and are general there.
n q 1 nyk .  .By induction they impose conditions on k q 1 -ics in P . Thus byk q 1
 k .nthe same argument as in Proposition 13, we have h G , h q 1 GP
n q k q 1 n q 1 n q 1 .  .  .y q .k q 1 k q 1 k q 1
 .   . .Remark. Note after some arithmetic that s G n n y k q 2 r2k q
k y 1 is sufficient to ensure that the conclusion of the corollary holds.
 uTHEOREM 15. For any k G 2, n G k, and s F max n q 1, n q k q
. .  . ..v. n1 n q k r2 k y 1 k q 1 there is a set G ; P of s points so that
 k .nh G , k q 1 has at least the ¨alue predicted by Froberg 's conjecture, exceptÈP
when k s 2, n s 4, and s s 7.
 . u .Proof. We shall show the following: Let f n, k s n q k q 1 n q
.  . ..v  .k r2 k y 1 k q 1 . Then for any k G 2, n G k, and d F f n, k there is
n  k .na set G ; P of degree s so that h G , k q 1 has at least the valueP
predicted by Froberg's conjecture, except when k s 2, n s 4, s s 7.È
To do this, we must use the facts
n q 3
f n , 2 s n q 1 .  . /3
and
f n y k , k F f n y f n , k q f n y k , k , k y 1 .  .  . .
whenever n G 1.
 .To see that f n, k satisfies this recurrence, we verify the inequality
n y f n , k q f n y k , k q k n y f n , k q f n y k , k q k y 1 .  .  .  . .  .
d s
2 k y 2 k .
n q 1 n .
y G 0.
2 k y 1 k q 1 . .
We have
kn kn 1
d G n q 1 y n y /  /k y 1 k q 1 k y 1 k q 1 2k k y 2 .  .  .  .  .
n q 1 n .
y
2 k y 1 k q 1 .  .
n n q 1 q k 3 y k 2 y k .
s 2 2k q 1 k y 1 k k y 2 .  .  .
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so we conclude by noting that n q 1 q k 3 y k 3 y k 2 y k G 0 for all
n G 1 and k G 2.
w xBy the theorem of Alexander and Hirschowitz in AH3 , the conclusion
of the theorem holds for k s 2.
We shall assume by induction that the result holds for k y 1 and in the
 .projective spaces of dimensions at most n y 1. Let s F f n, k . Call
  .  . .   . .b s min f n, k y f n y k, k , s and c s min f n y k, k , s y b . Let
F ; P nyk consist of c general points and S ; P n consist of b general
points. Then
ky1
k k kyj nyj ky1
n ny jh S j F , k q 1 G h Sec S l P j F , k .  .P P j
js0
q h ny k F k , k q 1 . .P
 .First, since c F f n y k, k we have
h ny k F k , k q 1 s G c, k , n q 1 y k , .  .P
by induction on n.
Claim. For each j G 0 we have
h ny j Sec Sky j l P ny j j F ky1 , k .P j
G S j; b , k , n q 1 y j q G c, k , n q 1 y j .  . k
q H j; b , c, k , n q 1 y j , .
where
b u y 1i m q k y u bS j; b , k , m q 1 s y1 .  .  /  / / m uj
usjq1
and
H j; b , c, k , m q 1 .
b c u y 1uy jqlq1 cb m q k y 2 l y us y1 . .   /  / /  /u mjl
usjq1 ls1
 4We verify the claim for j s 0: Write S s p , . . . , p . We have0 by1
by1
kk ky1 ky1
n ny i nyb 4h S j F , k G h p , k y 1 q h F , k .  . .P P i P
is0
by1
n y i q k y 1G q G c, k y 1, n q 1 y b . k /k y 1
is0
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 .since c F f n y b, k y 1 by hypothesis. We just need to check that in
 .case k s 3 we have avoided the exceptional case, i.e., that n y b, c /
 .  .  . u .v4, 7 . Here, n y f n, 3 q f n y 3, 3 G 3n y 6r4 so n y b G 5 if
 .  .  .n G 8. Then, computing n y b, c for n - 8 reveals that n y b, c / 4, 7
for all n.
If j G 1, the claim evidently holds in case b s 0 by the induction
hypothesis on n. We continue by induction on b. Observe that each k-ic
ky j nyj  ny j.ky jthrough Sec S l P actually contains span S l P . Call M sj
 .span S . We have
h ny j Sec Sky j l P ny j j F ky1 , k .P j
s h ny j M ky j l P ny j j F ky1 , k .P
G h ny j M ky j l P ny j j F ky2 , k y 1 .P
q h ny jy1 M ky j l P ny i j F ky1 , k . .P
 .Now by induction on k
h ny j M ky j l P ny j j F ky2 , k y 1 .P
G S j y 1; b y 1, k y 1, n q 1 y j q G c, k y 2, n q 1 y j .  . ky1
q H j y 1; b y 1, c, k y 1, n q 1 y j .
since M ky j l P ny j contains Sec Sky j l P ny j for some b y 1 pointsjy1 1
S ; M spanning M l P ny1.1
 .Further by induction on n
h ny jy1 M ky j l P ny jy1 j F ky1 , k .P
G S j; b , k , n y j q G c, k y 1, n y j q H j; b , c, k , n y j . .  .  .k
We observe that
S j y 1; b y 1, k y 1, m q 1 q S j: b y 1, k , m s S j; b , k , m q 1 , .  .  .
1 .
G c, k y 2, m q 1 q G c, k y 1, m s G c, k y 1, m q 1 , 2 .  .  .  .ky1 k k
and
H j y 1; b y 1, c, k y 1, m q 1 q H j; b y 1, c, k , m .  .
s H j; b , c, k , m q 1 , 3 .  .
which establishes the claim.
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  .  .  .To see this, Eq. 2 is immediate; while Eqs. 1 and 3 both follow
.directly from the elementary Lemma 18 below.
We have
ky1
k k
nh S j F , kq1 G S j; b , k , nq1 qG c, ky1, nq1y j .  .  . kP
js0
qH j; b , c, k , n q G c, k , n q 1 y k . .  .. kq1
Now,
ky1
G c, ky1, nq1y j qG c, k , nq1yk sG c, k , nq1 .  .  . k kq1 k
js0
and we shall show
ky1
S j; b , k , n q 1 y j s G b , k , n q 1 4 .  .  . kq1
js0
and
ky1
H j; b , c, k , n s G b q c, k , n q 1 .  . kq1
js0
y G b , k , n q 1 y G c, k , n q 1 5 .  .  .kq1 kq1
which will lead us to the desired conclusion,
h n Sk j F k , k q 1 G G b q c, k , n q 1 . .  . kq1P
 .  .For both 4 and 5 we need the following marvelous fact, proved later
in Lemma 19,
u
ui u n q t q i n q ty1 s y1 . .  .  / /  / ni n y u q i
is0
 .To verify 4 , we have
ky1 ky1 b n y j q k y uu y 1i bS j; b , k , n q 1 s y1 .  .    / / uj  /n y j
js0 js0 usjq1
k uy1
i u y 1 n q k y 2u q 1 q ibs y1 .  /  /  /u i n y u q 1 q i
us1 is0
k
u b n q k y 2u q 1s y1 .  /  /u n
us1
s G k , b , n q 1 . . kq1
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 .For 5 we compute explicitly
G b , k , n q 1 q G c, k , n q 1 y G b q c, k , n q 1 .  .  .kq1 kq1 kq1
ky1
i b c b q c n q k y 1 y 2 is y1 q y .  / /  /  / / ni i i
is1
ky1 iy1 b ci n q k y 1 y 2 i y 1 .s y1 .   / /  /j i y j nis2 js1
whereas
ky1
H j; b , c, k , n . k
js0
ky1 b c n q k y j y 2 l y uu y 1uy jql cbs y1 .    /  /  /u j  /l n y j
js0 usjq1 ls1
b c
ly1 cbs y1 .   /  /u l
us1 ls1
uy1 n q k y 1 y 2 u q l y 1 q i .u y 1
=   /  / /i n y u y 1 q i .is0
b c
uq l c n q k y 1 y 2 u q l y 1 .bs y1 . .   /  /  /u l nus1 ls1
Remark. We briefly discuss the optimality of the results given in
 . .Theorem 15 and Corollary 14. First, if n F 2k y 3 k q 1 , Theorem 15
only returns information on s F n q 1, in which case we had already
observed that the result of the conjecture of Froberg and Iarrobino doesÈ
hold. However, when n F k y 1, the result for s s n q 1 is optimal, i.e.,
n q k q 1 .  .we have G n q 1, k, n q 1 s , when n F k y 1. Likewise, inkq1 k q 1
case n F k y 1, Corollary 14 yields the optimal value s s n q 1, and if
n s k the corollary gives the optimal value of s s n q 2.
 k .nFor larger n, observe that we have estimated h S , k q 1 in caseP
1k n q k q 1 .  .deg S is a little more than ; we still have G s, k, n q 1 -kq12 k q 1
n q k q 1 .  . .  . .when s f n q k q 1 n q k r k q 1 k .k q 1
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We would expect to improve the conclusion of Theorem 15 by using
 .Corollary 10 rather than just Corollary 9 in the proof. However, the
details of the proof would likely become rather more involved!
We see this as the beginning of a first step toward verifying instances of
Froberg and Iarrobino's conjectures in greater generality. To illustrate aÈ
simple case of continuing this process we give the:
u . . .v .COROLLARY 16. Let s F max n q 4 n q 3 r16 , n q 1 . Let G ;
P n be a general collection of s points. Then for all m
h n G3 , m s G s, 3, n q 1 . .  . mP
 . u . . .vProof. Again we write f n, 3 s n q 4 n q 3 r16 . We show that
  . . nif s F max f n, 3 , n q 1 we can find a collection G ; P of s points
satisfying
n q 23
nh G , 5 s s . .P  /2
In case s s n q 1, we are already done, by our previous observations.
Otherwise, assume by induction that the result holds in projective spaces
of dimensions - n.
ny2   . .Choose F ; P consisting of c s min f n y 2, 3 , s points and
choose S ; P ny1 consisting of b s s y c points that are in a hyperplane
H, with H l F s B.
Then
h n S3 j F3 , 5 G h n S3 j F2 , 4 .  .P P
q h ny 1 Sec S l P ny1 j F2 , 4 q h ny 2 F3 , 4 . .  . .P P
By induction on n we have
n3
ny 2h F , 4 s c . .P  /2
Next,
h ny 1 Sec S l P ny1 j F2 , 4 . .P
G h ny 1 Sec S l P ny1 j F , 3 q h ny 2 F2 , 3 .  . .P P
bG q c q c n y 1 . /2
and
h n S3 j F2 , 4 G h n S2 j F2 , 3 q h S3 , 4 .  .  .P P H
n q 1 bG n q 1 s q b y .  /  /2 2
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for a total of
n q 23 3
nh S j F , 5 G s . .P  /2
3 3 n q 2 .  .Of course, since deg S j F s s , the latter inequality must be2
an equality, and the inequality used from Theorem 15 must have been as
well.
Thus
n q 2 s3 3
nh S j F , 4 s s y .P  /  /2 2
and
n q 23 3
nh S j F , m s s , m G 5. .P  /2
Next, we apply Macaulay duality to Theorem 15 and Corollary 14 to
obtain the following result on quadratic forms:
COROLLARY 17. Suppose Q , . . . , Q is a general collection of quadratic1 s
 2 .forms or e¨en Q s L , where L , . . . , L are general linear forms in n q 1i i 1 s
 .¨ariables, and let I s Q , . . . , Q .1 s
Then
¡ n q m n q m y 1 .  .
F s, 2, n q 1 , if s F . m 2m m y 2 .~dim I Gm n n y m q 3 .n q m , if s G q m y 2. /¢ m 2 m y 1 .
APPENDIX}ELEMENTARY COMPUTATIONS
In this section we perform some of the computations used in the proof
of Theorem 14.
LEMMA 18. Let
b u y 1uy j p y ubT j, b , p , m s y1 . .  .  /  / / uj m
usjq1
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Then
T j, b , p , m s T j, b y 1, p y 1 q T j y 1, b y 1, p y 1, m . .  .  .
 .  .Proof. Let d s T j, b, p, m y T j, b y 1, p y 1, m y 1 . We have
b u y 1uy j p y ub b y 1d s y1 y .  /  / /  / / u uj  m
usjq1
p y u y 1p y ub y 1q y /  /  / /u /m m y 1
b u y 1uy j b y 1 p y u p y u y 1b y 1s y1 q .  / /  / / / / uj m mu y 1
usjq1
b u u y 1uy jq p y u y 1b y 1s y1 y .  /  /  /  / /u j jm
usj
b u y 1uy jq1 p y u y 1b y 1s y1 .  /  / /u j y 1 m
usj
s T j y 1, b y 1, p y 1, m . .
LEMMA 19.
u
ui u n q t q i n q ty1 s y1 . .  .  / /  / ni n y u q i
is0
Proof. The result certainly holds for u s 0 and all n, t. Fix n, t, and
assume the result holds for u y 1. We have
u
i u n q t q iy1 .  /  /i n y u q i
is0
u
i u y 1 u y 1 n q t q is y1 q .  /  /  / /i i y 1 n y u q i
is0
u
i u y 1 n q t q i n q t q i q 1s y1 y .  /  /  / /i n y u q i n y u q i q 1
is0
uy1
i u y 1 n q t q is y y1 .  /  /i n y u q 1 q i
is0
u n q ts y1 . .  /n
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